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ABSTRACT
We present an improved Minimal Variance (MV) method for using a radial
peculiar velocity sample to estimate the average of the three-dimensional
velocity field over a spherical volume, which leads to an easily interpretable
bulk flow measurement. The only assumption required for this interpreta-
tion is that the velocity field is irrotational. The resulting bulk flow esti-
mate is particularly insensitive to smaller scale flows. We also introduce a
new constraint into the MV method that ensures that bulk flow estimates
are independent of the value of the Hubble constant Ho; this is important
given the tension between the locally measured Ho and that obtained from
the cosmic background radiation observations. We apply our method to the
CosmicFlows-3 catalogue and find that, while the bulk flows for shallower
spheres are consistent with the standard cosmological model, there is some
tension between the bulk flow in a spherical volume with radius 150h−1Mpc
and its expectations; we find only a ∼ 2% chance of obtaining a bulk flow as
large or larger in the standard cosmological model with Planck parameters.
Key words: Cosmology: Cosmological parameters; large-scale structure of
Universe; Theory; Galaxies: distances and redshift; kinematics and dynamics;
statistics
1 INTRODUCTION
One of the central ideas of the standard model of cos-
mology is the gravitational instability paradigm, in
which small amplitude density fluctuations in the early
Universe were amplified by gravity into the large-scale
structure that we see today (Mukhanov & Chibisov
1981). In this picture, growth of fluctuations continues
today, taking the form of flows of galaxies on scales of 1
Mpc and larger. On scales of order 100 Mpc, these flows
are still in the linear regime, and thus can be directly
related to density fluctuations on these scales. Large-
scale flows are thus an important cosmological probe
that can potentially provide confirmation of many fea-
tures of the standard model.
Given that measurements of peculiar velocities of
individual galaxies have large uncertainties, researchers
have traditionally focused on velocity field statistics
that average over many galaxies; by far the most com-
mon statistic is the dipole moment of the velocity field,
also called the bulk flow. Early attempts to measure the
bulk flow (e.g. Rubin et al. 1976; Dressler et al. 1987;
Lauer & Postman 1994; Riess et al. 1995) were plagued
by small sample sizes and difficult to control biases.
Recently, however, the compilation of large catalogues
of distance measurements with ∼ 10, 000 objects (e.g.
Tully et al. 2016) has made it possible to accurately es-
timate the bulk flow on scales ∼ 100h−1Mpc (Watkins
et al. 2009; Feldman et al. 2010; Davis et al. 2011;
Nusser & Davis 2011; Nusser 2014; Watkins & Feldman
2015b; Scrimgeour et al. 2016; Feix et al. 2017; Hellwing
et al. 2017, 2018). For recent discussions of bulk flow
determination methods, see e.g. , Davis & Scrimgeour
(2014); Watkins & Feldman (2015a); Nusser (2016).
Bulk flows have additional significance as a large-
scale flow statistic in being, at least in principle, inde-
pendent of the value of the Hubble constant, Ho. While
calculated peculiar velocities depend strongly on the
Hubble constant, since bulk flows measure the dipole
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of the velocity field, they are theoretically insensitive
to phantom monopole flows introduced by using an in-
correct value of Ho. This characteristic of bulk flows is
particularly appealing in an era where there is tension
between cosmic background radiation measurements of
Ho and more local measurements using the Hubble dia-
gram (see, e.g. , Riess et al. (2016); Bernal et al. (2016);
Planck Collaboration et al. (2016b); Freedman (2017);
Riess et al. (2018)).
This paper is organized as follows: in Section 2
we discuss some of the different ways of defining the
bulk flow and the difficulty of comparing bulk flow es-
timates reported in different studies. In Section 3 we
follow Nusser (2014) and show how the assumption of
an irrotational flow allows the full, three-dimensional
bulk flow to be written in terms of a weighted average
of the radial component of the peculiar velocity, the
only component of the velocity that is actually observ-
able. In Section 4, we show that the resulting weighted
average is well suited for estimation via the Minimal
Variance (MV) method. We also show how a new con-
straint can be added to the MV method to ensure that
the bulk flow estimate is independent of the value of
the Hubble constant. Section 5 discusses the data on
which we apply our method. In Section 6 we present
the results of our analysis. Finally, in section 7, we dis-
cuss our results and put them in the context of other
estimates of the bulk flow.
2 BULK FLOW ESTIMATION
While the bulk flow is easy to understand as a concept,
measurements of the bulk flow can be difficult to inter-
pret, and are usually not comparable between studies.
How the calculated bulk flow of a survey probes mo-
tions on different scales is dependent not just on the
size of a survey, but in how the individual sample ve-
locities are weighted in the analysis. For example, pe-
culiar velocity measurements typically have uncertain-
ties that grow rapidly with distance. Given that nearby
galaxies are also overrepresented in catalogues due to
the relative ease of their observation, we have much
more information about local flows than those at the
outer regions of our samples. Unless this imbalance of
information is accounted for, measured bulk flows can
end up reflecting much smaller scales than that of the
survey being used. One way to quantify precisely how
the bulk flow probes the power spectrum is to calcu-
late its window function as we discuss below (See also
Macaulay et al. 2011, 2012).
Given the long history of bulk flow measurement,
it is perhaps surprising how much confusion surrounds
its definition, estimation and interpretation. When we
think of the bulk flow, we typically envision the average
of the full, three-dimensional peculiar velocity vi over
a spherical volume V with a radius R
Ui =
1
V
∫
V
vi d
3r, (1)
where i = x, y, z are the cartesian components of the
velocity field.
While this definition is quite simple in principle,
in practice measuring the bulk flow defined in this way
is difficult. First, the velocity field is not measured di-
rectly, but rather through the motions of individual
galaxies, used as “tracers” of the velocity field. The
distribution of the galaxies in peculiar velocity surveys
can be very nonuniform, due to both the actual dis-
tribution of galaxies and the selection function of the
survey, making it very difficult to achieve the uniform
integral over the volume required by Eq. 1. Second, pe-
culiar velocity measurements have large uncertainties,
particularly at large distances, also making it difficult
to probe a volume in a uniform way. Finally, only the
radial velocity of a galaxy can be measured, making
it impossible to carry out an integral of the full three-
dimensional velocity field directly.
These difficulties have led many researchers to con-
sider an alternative framing of the bulk flow compo-
nents Ui as the leading-order terms in a Taylor se-
ries expansion of the local peculiar velocity field vi(r)
(Kaiser 1988; Jaffe & Kaiser 1995; Feldman & Watkins
2008; Feldman et al. 2010)
vi(r) = Ui + Uijrj + ..., (2)
where Uij is the shear tensor, and, following the
Einstein summation convention, repeated indices are
summed over. Unlike in the integral definition given
in Eq. 1, here the bulk flow components are param-
eters in a model of the velocity field, allowing them
to be estimated, for example, using maximum likeli-
hood methods. However, since this definition doesn’t
reference a particular volume, estimates of the bulk
flow defined in this way are difficult to interpret, and
are not typically comparable between peculiar velocity
surveys. The MV method (Watkins et al. 2009; Feld-
man et al. 2010; Watkins & Feldman 2015b) remedies
this problem by allowing velocity measurements to be
weighted in a way that references an “ideal” survey
with a given geometry, thus standardizing bulk flow es-
timates. In both the maximum likelihood and the MV
method the bulk flow can be expressed as a weighted
sum of radial peculiar velocities.
3 THEORY
One of the challenges of estimating the bulk flow as
defined in Eq. 1 is its expression in terms of the
full three-dimensional velocity field. Recently, Nusser
(2014, 2016) showed that if one makes the standard
assumption that the velocity field is irrotational, and
hence can be expressed as the gradient of a potential
field, v(r) = −∇φ(r), this bulk flow can also be ex-
pressed in terms of the radial component of the pecu-
liar velocity. The key idea here is that a potential field
only has one degree of freedom, so that the radial com-
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ponent of the velocity carries all the information of the
complete vector field.
We start by expanding the potential φ(r) in terms
of spherical harmonics Yl,m(θ, φ),
φ(r) =
∑
l,m
φl,m(r)Yl,m(θ, φ), (3)
where φl,m(r) are functions only of the radial coordi-
nate r. In considering the bulk flow we are primarily
interested in the l = 1 terms in the sum. It is conve-
nient to express the l = 1 spherical harmonics in terms
of the cartesian components of the radial unit vector,
rˆi = xˆi · rˆ, where
rˆx =
√
2pi
3
(Y1,−1 − Y1,1) , (4)
rˆy = i
√
2pi
3
(Y1,−1 + Y1,1) , (5)
rˆz =
√
4pi
3
Y1,0. (6)
Using these relations we rewrite equation Eq. 3 as
φ(r) = φo(r) +
∑
i
φirˆi +
∑
l>1,m
φl,m(r)Yl,m(θ, φ), (7)
where the φi is used to quantify the three l = 1 dipole
components of the potential.
Following Nusser (2014), we can use the divergence
theorem to write the bulk flow in terms of an integral
over the surface of our spherical volume S,
Ui = − 1
V
∫
V
∇iφ d3r = − 1
V
∫
V
∇ · (xˆiφ) d3r
= − 1
V
∫
S
φ xˆi · rˆ R2dΩ = −R
2
V
∫
S
φ rˆi dΩ. (8)
Now we can substitute Eq. 7 into the integral and use
the orthogonality of the spherical harmonics and the rˆi
to obtain the simple expression
Ui = −φi(R)/R, (9)
since, for a spherical volume, V = 4piR3/3. Thus the
bulk flow can be directly related to the dipole compo-
nents of the scalar potential evaluated at the surface of
the volume.
Nusser (2014) has shown that this result can be
used to express the bulk flow defined in Eq. 1 as a
weighted integral of the radial component of the pecu-
liar velocity, s = v·rˆ, the one component of the peculiar
velocity that can be observed. We start by noting that
s is given by the radial component of the gradient of
φ,
s(r) =
∂
∂r
φ(r) =
d
dr
φo(r) +
∑
i
d
dr
φi(r)rˆi
+
∑
l>1,m
d
dr
φl,m(r)Yl,m(θ, φ). (10)
We can now imagine calculating the velocity moments
U˜i by integrating the radial peculiar velocity s(r) pro-
jected onto a cartesian axis over a spherical volume
with a radially dependent weighting factor w(r),
U˜i =
1
V
∫
V
w(r)s rˆi d
3r
= − 1
R3
∫ R
0
w(r)
(
d
dr
φi(r)
)
r2dr, (11)
where we have substituted Eq. 10 and again used the
orthogonality of the angular basis functions. Following
Nusser (2014), we see that the choice w(r) = R2/r2
gives
U˜i = − 1
R
∫ R
0
(
d
dr
φi(r)
)
dr = −φi(R)/R = Ui, (12)
where we have used the fundamental theorem of calcu-
lus. Thus from Eq. 11 we have
Ui =
R2
V
∫
V
s(r) rˆi
r2
d3r. (13)
This gives us the important result that the bulk flow
defined in Eq. 1 in terms of the full, three-dimensional
velocity field can be calculated exactly from the radial
component of the peculiar velocity integrated over a
spherical volume with a weighting factor proportional
to r−2. We note that the assumption of an irrotational
flow is used only in the interpretation of the bulk flow
and plays no role in our analysis; even without this
assumption, the velocity moment given in Eq. 13 is a
useful statistic for characterizing large-scale flows.
4 ESTIMATING THE BULK FLOW USING
THE MV METHOD
Now that the bulk flow integral has been expressed in
terms of the radial peculiar velocity field, the next step
is to develop a method for estimating this integral using
catalogues of peculiar velocities of individual objects.
The Minimum Variance (MV) method (Watkins et al.
2009; Feldman et al. 2010; Watkins & Feldman 2015b)
is well suited for this task, since it is designed to esti-
mate velocity moments that would be measured by a
hypothetical “ideal” survey that probes a volume in a
well determined way.
The MV method envisions an artificial “ideal” sur-
vey that can provide a standard reference point for ac-
tual peculiar velocity surveys. For example, the ideal
survey for measuring the bulk flow integrals in Eq. 13
consists of a large number of uniformly distributed ob-
jects within the spherical volume with positions rn and
exactly measured radial velocities sn, so that the bulk
flow would be given by
Ui =
R2
N
∑
n
nˆn,isn/r
2
n, (14)
where nˆn,i is the ith component of the unit vector
pointing toward the nth object in the catalogue and
rn is the distance to the nth object. Alternatively, the
c© 0000 RAS, MNRAS 000, 000–000
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r−2 weighting can be achieved through the radial dis-
tribution of the ideal survey objects, i.e. by having an
equal number of objects per spherical shell. For a sur-
vey with this radial distribution, the sum weighs points
at different radii equally and the bulk flow integral be-
comes
Ui =
1
N
∑
n
nˆn,isn. (15)
This second option is much preferable over the first in
that one can achieve the same accuracy with a much
smaller ideal survey, resulting in shorter computation
times.
The goal of the MV method is to determine
weights wi,n for an actual catalogue of N measured
radial peculiar velocities Sn, with associated measure-
ment uncertainties σn, such that the weighted sums
ui =
N∑
i
wi,nSn, (16)
provide the best estimate of the moments Ui that
would be obtained from the ideal survey (for details,
see Watkins et al. 2009; Feldman et al. 2010; Watkins
& Feldman 2015b). To find the weights, the variance
〈(Ui − ui)2〉 is minimized subject to some constraints,
which are implemented using Lagrange multipliers. As
in previous work, we impose a normalization constraint
that
∑
n wi,nnˆn,j = δij , which ensures that a spatially
constant flow is correctly estimated. Here we also con-
sider a new constraint that guarantees that bulk flow
estimates are not affected by uncertainty in the value
of the Hubble parameter H0.
A tension has recently developed between mea-
surements of the Hubble parameter H0 from cosmic
microwave background analysis and those from more
local studies (see, e.g. , Freedman (2017); Riess et al.
(2018)). A value of H0 is necessary to calculate peculiar
velocities, and any error in H0 manifests as a phan-
tom radial flow in the sample. This false radial flow
contributes to the bulk flow estimate if the sum over
radial velocities is not done in a completely isotropic
way. We can enforce the isotropy of the bulk flow sum
by adding an additional constraint to our weight calcu-
lation. Suppose that we use a Hubble parameter that
differs from the true Hubble parameter by δH0. This
error subtracts from each peculiar velocity an amount
δv = δH0rn ≈ czn δH0H0 , where we have assumed that
peculiar velocities are much smaller than c, the speed
of light. The contribution of the error in H0 to the bulk
flow Ui is
∑
n wi,nczn
δH0
H0
. If we enforce the constraint
that
N∑
n
wi,nczn = 0, (17)
then we can be sure that our bulk flow estimate is com-
pletely independent of any uncertainty in the value of
H0.
All together, then, we seek to minimize the quan-
tity
〈(Ui − ui)2〉+
∑
j
λij
(∑
n
wi,nnˆn,j
)
+ βi
(∑
n
wi,nczn
)
, (18)
where λij and βi are Lagrange multipliers. Expanding
out the first term and plugging in the expression for ui
from Eq. 16, we can write this expression in terms of
the weights wi,n,
〈U2i 〉 −
∑
n
2wi,n〈SnUi〉+
∑
n,m
wi,nwi,m〈SnSm〉
+
∑
j
λij
(∑
n
wi,nnˆn,j
)
+ βi
(∑
n
wi,nczn
)
. (19)
We can now find the weights that minimize this ex-
pression by taking a derivative of Eq. 19 with respect
to wi,n and setting the result equal to zero,
−2〈SnUi〉+2
∑
m
wi,m〈SnSm〉+
∑
j
λij nˆn,j+βiczn = 0.
(20)
Solving for the weights gives,
wi,n =
∑
m
G−1nm
(
〈SmUi〉 − 1
2
∑
j
λij nˆm,j − 1
2
βiczm
)
,
(21)
where Gnm ≡ 〈SnSm〉 is the covariance matrix of the
individual measured velocities. The values of the La-
grange multipliers can be found by plugging Eq. 21
into Eq. 19 and solving the simultaneous equations for
λij and βi:
λij =
∑
k
M−1ik
[∑
m,n
G−1nm(〈SmUk〉 −Dkczm)nˆn,j − δkj
]
,
(22)
βi = 2Di −
∑
j
λijLj , (23)
where
Di =
1
B
∑
n,m
G−1nm〈SnUi〉czm, (24)
Li =
1
B
∑
n,m
G−1nmnˆn,i czm, (25)
Mij =
1
2
∑
n,m
G−1nm (nˆn,i − Liczn) nˆm,j , (26)
and
B =
∑
n,m
G−1nmcznczm. (27)
Eq. 21 allows us to calculate the MV weights for mea-
sured peculiar velocities in order to estimate moments
of the velocity field that would be measured by an ideal
c© 0000 RAS, MNRAS 000, 000–000
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survey. These weights depend on the covariance ma-
trix Gnm = 〈SnSm〉 and the correlation 〈SnUi〉, both
of which can be calculated using linear theory given a
power spectrum model.
Since the measured peculiar velocity of the nth
object Sn includes an uncorrelated error δn, we can
write Sn = sn + δn, where sn is the actual peculiar
velocity. Thus
Gnm = 〈snsm〉+ δnm(σ2∗ + σ2n), (28)
where δnm is the Kronecker delta, σn is the measure-
ment error of the nth object in the catalogue, and σ∗ is
the velocity noise, which accounts for small-scale mo-
tions not included in the linear model. Next, given that
the ideal moments Ui are weighted sums of the exact
velocities of the ideal survey, Ui =
∑
n′ w
′
i,n′sn′ , where
the sum is now over the objects in the ideal survey with
the appropriate weights. This leads to
〈SmUp〉 =
∑
n′
w′pn′〈smsn′〉. (29)
Both Gnm and 〈SmUp〉 depend on the correlation
〈snsm〉 between radial velocities of objects at positions
rn and rm. In terms of linear theory this is given by
the integral over the density power spectrum P (k) mul-
tiplied by an angle-averaged window function fnm(k),
〈snsm〉 = H
2
0Ω
1.1
m
2pi2
∫
dk P (k)fnm(k), (30)
where
fnm(k) =
∫
d2kˆ
4pi
(rˆn · kˆ)(rˆm · kˆ)eik kˆ·(rn−rm). (31)
We can also calculate the covariance matrix Rij for the
estimates of bulk flow components through
Rij = 〈uiuj〉 =
∑
n,m
wi,nwj,m〈snsm〉 =
H20Ω
1.1
m
2pi2
∫
dk P (k)W2ij(k), (32)
where the tensor angle-averaged window function W2ij
is given by
W2ij =
∑
n,m
winwjmfmn(k). (33)
The diagonal elements of the tensor window function
W2ii are extremely useful in quantifying what scales
contribute to the bulk flow. In addition, a compari-
son of the window function for the survey estimate ui
with the window function for the ideal moment Ui can
indicate how well a survey can estimate a given mo-
ment. We discuss this comparison in more detail when
we present our results in section 6. For a thorough nu-
merical study of the MV formalism see Agarwal et al.
(2012).
For the power spectrum model P (k) we use
the parametrization of the ΛCDM power spectrum
of Eisenstein & Hu (1998), including the effects of
Figure 1. The distribution of CF3 objects in Galactic co-
ordinates.
baryons, with the Planck central parameters (Planck
Collaboration et al. 2016a), σ8 = 0.8159, Ωm = 0.3089,
Ωb = 0.0486, H0 = 67.74km s
−1, and n = 0.9667.
5 DATA
In this paper we use the most recent version of the
CosmicFlows catalogue, CosmicFlows-3 (Tully et al.
2016), hereafter CF3, which is a compendium of dis-
tances measured for 11,878 individual galaxies and
groups, some from the literature and some from new
measurements; this catalogue contains nearly all avail-
able distance measurements. The majority of the
galaxy distances are determined via the Tully-Fisher or
Fundamental Plane relations, both of which give uncer-
tainties of around 20% of the distance, with a smaller
portion of the distances coming from more accurate
distance measures including SNIa, surface brightness
fluctuations, Cepheids, and tip of the red giant branch.
In compiling the CF3 out of individual surveys the au-
thors made zero-point adjustments in order to ensure
consistency in the catalogue as a whole. We use the
group version of the catalogue in which galaxies de-
termined to be in a group or a cluster have had their
distances and redshifts combined into a single value of
distance and redshift for the group as a whole.
While previous versions of the CosmicFlows cata-
logue (Tully et al. 2013) were approximately isotropic,
the CF3 has a markedly uneven distribution on the
sky, primarily due to the addition to the catalogue of
8,885 distance measurements from the Six Degree Field
Galaxy Survey (6dFGS) (Springob et al. 2014), all in
the south celestial hemisphere. In Fig. 1 we show the
distribution of the CF3 objects on the sky in Galactic
coordinates. The south celestial pole is roughly in the
−y direction in Galactic coordinates, and one can see
that this side of the sky is much more heavily sampled
than the +y direction. The anisotropic distribution of
the CF3 catalogue objects makes it particularly impor-
tant to use an analysis such as the MV method that
weights objects in order to sample the volume in a well
defined way; otherwise, it would be very difficult to in-
terpret results from a catalogue whose objects are dis-
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. Bulk flow components and magnitude as a func-
tion of radius R. Lines with error bars are estimates from
CF3-group catalogue; red solid lines are calculated using
r−2 weighting and blue dashed lines using Gaussian weight-
ing. The continuous lines without error bars represent ex-
pectations from the cosmological standard model using
Planck parameters.
tributed in such a nonuniform fashion. In particular,
if not properly accounted for, the anisotropic distri-
bution of a survey can result in contributions to the
bulk flow from radial flows, both real and those arising
from using an incorrect value of the Hubble constant;
thus demonstrating the importance of the constraint
(Eq. 17) we have introduced as discussed in Section 3.
CF3 is essentially a catalogue of distance moduli
and redshifts. Distance moduli generally have Gaussian
distributed errors; however, exponentiating moduli to
obtain distances skews the error distribution and leads
to biased estimates of the distance r. The traditional
estimator of peculiar velocity, v = cz −H0r, can thus
lead to biased velocities with nonGaussian error distri-
butions. Watkins & Feldman (2015a) have developed a
new peculiar velocity estimator v = cz ln(cz/H0r) that
gives unbiased velocities with Gaussian errors. Here we
use this estimator to calculate peculiar velocities for the
CF3 objects. Since the MV method assumes Gaussian
errors in velocities, this choice is important for ensuring
the accuracy of our results.
In order to calculate bulk flows we also need to
know the positions of the objects in the catalogue. Al-
though we have accurate measurements of the angu-
lar coordinates, measurements of distances are more
problematic. While it would seem natural to use the
distance estimates given in the catalogue, these have
large uncertainties and are prone to various types of
biases. However, the redshift cz differs from H0r only
by the peculiar velocity, and provides a much more ac-
curate measure of distance, and hence much smaller
biases, for all but the closest objects in the catalogue.
Here we use czn/100km s
−1as the position rn of the
nth object in units h−1Mpc. This is a particularly im-
portant choice given that the CF3 catalog is redshift
limited and not corrected for Malmquist bias, so that
0.00 0.02 0.04 0.06 0.08 0.10
k (h Mpc 1)
0.00
0.05
0.10
0.15
0.20
0.25
0.30
2 yy
R=150h 1Mpc
Figure 3. The bulk flow window functionW2yy (see Eq. 33)
from the CF3-group catalogue with R = 150h−1Mpc. The
solid red line and the dashed blue line correspond to r−2 and
Gaussian weighting respectively. Note the lack of a side-lobe
in the window function using r−2 weighting.
objects with large distance measurements are biased
toward having negative velocities.
6 RESULTS
In Fig. 2 we show estimates for the bulk flow compo-
nents calculated using the MV method, described in
Sec. 4, with ideal surveys of varying radii R weighted
by r−2. As discussed in Sec. 3, these estimates should
correspond to the integral of the full 3-dimensional ve-
locity field averaged over a sphere of radius R. For
comparison, we also show the bulk flow estimated us-
ing ideal surveys that are Gaussian balls with radial
weighting
w(r) = Ae−r
2/(R/3)2 , (34)
where A is a constant. Note that estimates of the bulk
flow components at different R are provided for com-
parison but are not independent; since they are calcu-
lated using the same data they have highly correlated
errors.
This Gaussian weighting is similar to that used in
previous MV analyses of the bulk flow (Watkins et al.
2009; Feldman et al. 2010; Agarwal et al. 2012; Watkins
& Feldman 2015b); however, here we have scaled the
radius parameter R by a factor of 3. This is so that the
resulting window function has a central peak with a
similar width to the window function for r−2 weighting
with the same R. We discuss this in more detail below.
In Fig. 3 we show window functions W2yy (the
window functions for xx and zz are very similar) for
the CF3 bulk flow estimates for the r−2 and Gaussian
weighting with R = 150h−1Mpc.
The central peaks of the r−2 and Gaussian weight-
ings have similar widths by design; it is for this reason
that we scaled the radial parameter R by a factor of
three in the Gaussian weighting as shown in Eq. 34.
c© 0000 RAS, MNRAS 000, 000–000
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Figure 4. The bulk flow window function W2yy calculated
using r−2 weighting for R = 90, 150, and 180h−1Mpc. The
solid red line is for the CF3 catalogue and the dashed black
line is for the ideal catalogue. Note that at R = 180h−1Mpc
the CF3 window function is no longer able to match the
ideal case.
This factor is necessary since the Gaussian function
extends well beyond its nominal “width” as character-
ized by its scale length. Fig. 3 shows that the bulk flow
calculated from a Gaussian ball of radius R defined as
in Eq. 34 (dashed line) and a r−2 weighted (solid line)
survey in the spherical volume r < R probe very similar
scales. The Gaussian weighting scheme was originally
chosen to “smooth” the sharp edge of the uniformly
weighted tophat distribution and thus reduce the side-
lobe of the bulk flow window function (Watkins et al.
2009) (WFH) relative to the tophat. While it succeeds
in this goal, the r−2 weighting does even better, almost
eliminating the side-lobe all together; thus bulk flows
calculated using this weighting are only sensitive to ve-
locity modes at or above the scale of the survey and are
relatively insensitive to smaller scale motions within a
survey. We see that Bulk flows calculated using the r−2
weighting scheme not only match the definition given
in Eq. 1, thus reflecting our intuition for how the bulk
flow should be defined, but also have a highly desirable
window function.
Fig. 4 shows the bulk window function W2yy of
the CF3 with r−2 weighting for three different val-
ues of R, 90, 150, and 180 h−1Mpc, together with the
window functions for the corresponding ideal survey.
We see from the figure that the bulk flow calculated
from the CF3 using the MV method and r−2 weight-
ing is a good estimate of the ideal survey bulk flow
for R ∼< 150h
−1Mpc, indicating that the CF3 is well
suited to estimate the bulk flow within a sphere of this
radius. However, for R larger than 150h−1Mpc, e.g.
the case of R = 180h−1Mpc shown in the figure, we
see that the central peak of the CF3 window function
has reached a minimum width and has ceased to track
the window function of the ideal survey. This suggests
that R = 150h−1Mpc is the maximum radius for which
the CF3 can estimate the bulk flow accurately.
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Figure 5. The estimated bulk flow magnitude from CF3-
group catalogue as a function of radii R weighted by r−2
The continuous lines in Fig. 2 show the expecta-
tion for the bulk flow estimates
√〈u2i 〉 calculated us-
ing the Planck Collaboration et al. (2016a) parameters,
as discussed in Section 3. As would be anticipated,
these expectations decrease with increasing R; how-
ever, the magnitude of the bulk flow doesn’t decrease
as fast as its expectation, so that the measured bulk
flow magnitude is becoming less likely at large R. Be-
yond R =150h−1Mpc, the bulk flow remains roughly
constant since there is very little additional informa-
tion is being added.
A χ2 analysis can be used to quantify the proba-
bility of obtaining a bulk flow as large or larger than
that measured. The χ2 is calculated from the covari-
ance matrix as
χ2 =
3∑
i,j=1
uiR
−1
ij uj , (35)
where the covariance matrix Rij is given in Eq. 32. In
Fig. 5 we show the χ2 calculated this way as a function
of R, as well as the probability of obtaining a χ2 as
large or larger from the χ2 distribution with 3 degrees
of freedom.
As we see from Fig. 2, the probability for the
bulk flow to be as large or larger than that mea-
sured is smallest at the largest radius we consider,
R = 150h−1Mpc. We include larger R in the figure
for comparison, but as discussed in the text, the CF3
sample is not deep enough to accurately estimate the
bulk flow on these scales. In Table 1 we summarize the
results at R = 150h−1Mpc for both types of weight-
ings.
Looking at the window functions in Fig. 3, it
makes sense that the bulk flow expectation would be
larger for the Gaussian weighting, since the Gaussian
weighted bulk flows have contributions from smaller
scale motions as indicated in the side lobe in its win-
dow function. Surprisingly, though, the bulk flows cal-
culated using Gaussian weights are consistently smaller
than those using r−2 weights. These larger values and
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Table 1. Summary of Bulk Flows for R = 150h−1Mpc
Gaussian Wts. r−2 Wts.
Expectation (km/s) 166 128
Bulk Flow (km/s) 252 282
χ2 with 3 d.o.f. 6.92 9.59
Probability 7.4 2.2
smaller expectations lead to the χ2 for the bulk flow
using r−2 weighting being somewhat larger than that
found with Gaussian weighting. This in turn leads to
a smaller probability of finding a bulk flow as large
or larger; while bulk flows calculated with Gaussian
weighting are consistent with the standard model, the
r−2 weighting gives a probability of only 2.2%, thus in-
dicating a tension between the bulk flow on this scale
and the Planck cosmological parameters.
7 DISCUSSION
We have introduced a new method for calculating the
bulk flow from a catalogue of peculiar velocities that
has several advantages over other methods. First and
foremost, it is much easier to interpret than estimates
obtained using other methods. In particular, with the
minimal assumption that the velocity field is irrota-
tional, the bulk flow estimated with the MV method
using a r−2 weighted ideal survey corresponds to the
integral of the full three dimensional velocity field over
a well defined spherical volume.
In cases where the data cannot provide an accu-
rate estimate of the bulk flow on a particular scale, it
is clearly indicated by the window function of the bulk
flow estimate not matching the ideal survey window
function. In contrast, bulk flows calculated by meth-
ods such as maximum likelihood are very difficult to
interpret, as they are particularly sensitive to a given
survey geometry, and sample and error distributions
and thus do not correspond to a well-defined volume.
Methods such as maximum likelihood give the most
weight to nearby galaxies that have smaller uncertain-
ties in their velocities, which can result in bulk flow
estimates that probe smaller scales than those of the
survey probes.
A second advantage of the MV method is that it is
very effective at averaging out flows on scales smaller
than the volume of interest, as can be seen from the
window functions in Fig. 3. Other methods of estimat-
ing the bulk flow, including other weighting schemes,
can give window functions with wider central peaks and
with non-negligible side lobes, resulting in bulk flow
estimates that contain significant contributions from
smaller scale power. This is a very important consid-
eration. Bulk flow components are different from some
other cosmological probes in that models do not pre-
dict their mean, which is zero, but rather their variance.
The strongest possible constraint from bulk flow mea-
surements comes from minimizing the predicted vari-
ance; a smaller predicted variance shrinks the accept-
able range of bulk flow component values for a given
model.
The primary way of reducing this variance is by
increasing the depth of peculiar velocity surveys. This
has the effect of reducing the width of the central peak
of the window function so that a larger fraction of bulk
flow is coming from large scales, where the power spec-
trum vanishes. However, a deep peculiar velocity sur-
vey does not necessarily guarantee a small predicted
variance. If a bulk flow analysis gives more weight to
the inner part of the survey, where there is more infor-
mation, then the central peak of the window function
can be wider than expected. Furthermore, additional
variance can come from the incomplete cancellation of
smaller scale flows. The MV method with r−2 weight-
ing can provide bulk flow estimates with minimum pre-
dicted variance both by having very small side lobes
and thus allowing one to simply determine the max-
imum radius for which a given survey can accurately
determine the bulk flow.
An additional advantage of the MV method is that
it allows for constraints to be easily placed on the bulk
flow moments using Lagrange multipliers. Here we have
imposed a constraint that ensures that the bulk flow
moments are independent of the value of the Hubble
constant Ho. For the case where CF3 catalog veloci-
ties are calculated using Ho = 75 km/s/Mpc, a value
for which radial flows are roughly minimized, the con-
straint changes the bulk flow components by a few
km s−1and reduces the χ2 value from 10.49 to 9.59.
The probability of finding as large or larger a bulk flow
is increased to 2.2% from the 1.5% obtained without
the constraint. We note that the current tension in the
value of the Hubble constant makes it difficult to assess
the magnitude of the radial flows in our local volume.
The effect of the constraint could be somewhat larger
in a peculiar velocity catalog that has more significant
radial flows or a more anisotropic distribution.
While the result of our analysis, that there is only
a ∼ 2% chance of obtaining the observed bulk given
the parameters of the cosmological standard model, is
similar to that of WFH, it is important to note the
differences in both the data and the method used.
First, the quantity of peculiar velocity measure-
ments has increased dramatically; whereas WFH had
∼4,500 peculiar velocities of groups and individual
galaxies in the COMPOSITE catalogue, the current
analysis uses nearly 12,000, an increase of more than
a factor of two. The addition of new data hasn’t sig-
nificantly changed the direction of the bulk flow, but
it has reduced it’s magnitude; the gaussian weighted
bulk flow with R = 150h−1Mpc (corresponding to
R = 50h−1Mpc in WFH) went from about 400km s−1
in WFH to less than 300km s−1 in the current anal-
ysis. The addition of new data has also resolved an
unexpected result from WFH; they saw the bulk flow
sharply increase as the scale R became large, a result
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that is difficult to provide a physical explanation for.
In Fig. 2 we see that in the current work the bulk flow
decreases and then remains roughly constant with in-
creasing R.
Second, we have introduced a r−2 weighting
scheme which results in a window function with smaller
side lobes than in the Gaussian weighting, indicating
that bulk flows calculated with this weighting are less
susceptible to velocity modes on scales smaller than the
survey. Given that they are only sensitive to scales as
large or larger than R, they necessarily have smaller
expectations for the bulk flow, as seen in Fig. 2. How-
ever, we also see in Fig. 2 that the bulk flow for the
r−2 weighting is actually larger than that found using
Gaussian weighting, so that the χ2 for the r−2 weight-
ing is significantly larger than for the Gaussian case. In
fact, the χ2 we calculate for the r−2 weights are similar
to those obtained by WFH for Gaussian weighting.
It is important to note that disagreement with the
standard cosmological model only occurs at the largest
scales probed in this study, ∼ 150h−1Mpc. At smaller
scales, the bulk flow magnitude is consistent with ex-
pectations. Thus the question of whether the bulk flow
is inconsistent with the standard cosmology depends
strongly on precisely how the bulk flow is calculated.
It is not surprising, then, that there is disagreement on
this question in the community, where different analy-
ses can weigh information in different ways, even when
using the same peculiar velocity catalogue. Our re-
sult by itself is only suggestive of continuing tension
with the standard model, but is not conclusive. Ul-
timately, resolving the question of whether large scale
flows are consistent with expectations will require addi-
tional measurements of peculiar velocities, particularly
of objects with distances ∼ 150h−1Mpc.
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